Padé approximants are used to improve the convergence behavior of perturbative results in massless scalar and gauge field theories at finite temperature.
where T is the temperature and c 0 , c 2 , c 3 , c 4a , c 5a are constants, while c 4b and c 5b have a logarithmic dependence on ln(μ/T ), whereμ is the renormalization scale in the modified minimal subtraction scheme, MS. In φ 4 theory, c 4a = 0, while in gauge theories c 5a = 0.
As in [5] , we use the renormalization group to make g 2 running,
where β 0 and β 1 are the one-and two-loop coefficients of the beta function β g of g 2 (see the appendix for details on β 0 and β 1 ), and g T is the coupling constant at temperature T . Then g in (1) is replaced by g(μ). In this way we get an idea of the dependence of our result on the choice of renormalization scale. We could subsequently expand F in powers of g T to check that F becomes explicitly independent ofμ through g 5 T . For this purpose, we would really only need the one-loop coefficient of β g . The reason is that β g contains only even powers of g, β g = β 0 g 4 + β 1 g 6 + . . ., since we renormalize as at zero temperature. Therefore, from the viewpoint of the renormalization group, the g 4 and g 5 terms in F are the first corrections to the g 2 and g 3 terms, respectively. Numerically, the difference between using β g to one or two loops is insignificant for the examples in non-Abelian gauge theories below, but keeping the two-loop correction turns out to improve the behavior of the resummation in φ 4 theory. Now we use Padé approximants to reexpress F . For this purpose we pretend that c 4 ≡ c 4a ln g+c 4b and c 5 ≡ c 5a ln g + c 5b are constants in a Taylor series
. .]. c 4 and c 5 have different values for each choice ofμ both through their direct dependence on ln(μ/T ) and through the running of g(μ) in ln g. Using the approximants [ 
Define α(T ) = g 2 T /(4π) and let us look at some specific examples. Our first case is the smallcoupling QCD example from [5] with d A = 8, C A = 3, n f = 6, d F = 18, S F = 3, S 2F = 4 and α(T ) = 0.001. As argued in [5] and as can be seen in Fig. 1a , the perturbative series for F through g 5 is well-behaved in this case, with respect to both convergence for a given renormalization scaleμ and to the growingμ-independence of F towards higher orders. The Padé approximants F [1, 2] and F [2, 2] are close to the g 3 and g 4 results within the expected accuracy (given by the magnitude of the g 4 and g 5 corrections, respectively). However, F [2, 3] has a pole, as seen in Fig. 1b . This pole comes about through a zero of the denominator in (5), which, in turn, due to the smallness of α(T ), is caused by a zero of the first term in the denominator of (5), c We know that the full result for F is independent ofμ and that consequently this pole is an artifact of the resummation scheme. We therefore determine its position and residue, explicitly remove it and call the resulting functionF [2, 3] . The curve in Fig. 1b forF [2, 3] is virtually identical to the g 5 result in the perturbative series in Fig. 1a . Now let us turn to cases where the pure perturbative series needs improvement. Fig. 2a represents the perturbative series for the pure SU(2) example from [5] 
S 2F = 0 and α(T ) = 0.03, while Fig. 2b shows the Padé approximants. Again, we have removed the pole from F [2, 3] to defineF [2, 3] and show both functions. Clearly, the convergence behavior of the series F [1, 2] , F [2, 2] ,F [2, 3] is drastically improved compared to the purely perturbative series, particularly around natural choices ofμ, such asμ = T orμ = gT , which up to g 5 order are the only mass scales in finite-temperature non-Abelian gauge theories. Note also the relative independence from the renormalization scale. Now turn to the other QCD example in [5] , namely α(T ) = 0.1 with the other parameters being the same as in our first case. The result is plotted in Fig. 3 . Again, there is much improvement compared to the pure perturbative series aroundμ = T ≈ gT , where higher approximants give subsequently smaller corrections to their predecessors.
As our final example in non-Abelian gauge theories, consider three-flavor QCD, i.e. d A = 8, C A = 3, n f = 3, d F = 9, S F = 3/2, S 2F = 2 with α(T ) = 1/3. Up to the fact that we neglect the strange-quark mass and that we have set all chemical potentials to zero, this is close to the case of the quark-gluon plasma to be produced at the BNL heavy-ion collider RHIC. The result is plotted in Fig. 4 . Although the situation is again much improved, at least in the region from aroundμ = T to aroundμ = gT , a convergent behavior of the series of Padé approximants can not be read off.
In Fig. 5 , we present an example in scalar theory, namely with α(T ) = 0.75. Note how, at least for not too bigμ, the Padé approximants fluctuate much less in subsequent orders than their purely perturbative counterparts. The fact that we can go to larger couplings in scalar theory than in nonAbelian gauge theory is easily explained. E.g., for the case of no fermions, the effective expansion parameter in F is seen to be C A α(T ). I.e. a larger number of degrees of freedom leads to stronger corrections to the ideal gas result (unless we try to make fermionic and bosonic contributions cancel).
Let (ii) Starting at g 6 order, another physical scale g 2 T enters the calculation of F in non-Abelian gauge theories [9] . Therefore, it would be interesting to see how inclusion of the g 6 term changes our results. Unfortunately, computation of this term is difficult and requires a combination of perturbative and non-perturbative techniques [6, 10] .
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Appendix
Here we give the results of [3] and [5, 6] .
With the Euclidean Lagrange density
the free energy density in the MS scheme is
where we have translated the MS result of [3] into MS using µ 2 = e γ Eμ 2 /(4π) and where ζ is Riemann's zeta function and γ E is the Euler-Mascheroni constant. The one-and two-loop coefficients in β g are
In gauge theory with fermions with a single, simple Lie group consider the Euclidean Lagrange density
where the T a are the generators of the group in the fermion representation. Let d A and C A be the dimension and quadratic Casimir invariant of the adjoint representation, with
Let d F be the dimension of the total fermion representation (e.g., 18 for six-flavor QCD), and define S F and S 2F in terms of the generators T a for the total fermion representation as
where
For SU(N) with n F fermions in the fundamental representation, the standard normalization of the coupling gives
The the free energy density is given by 
The one-and two-loop coefficients in β g are Fig. 1a shows the perturbative series for the free energy density in units of the ideal gas result F (g = 0) for six-flavor QCD with α(T ) = 0.001 for a range of choices of renormalization scalē µ. The short-dashed, medium-dashed, long-dashed and solid lines are the results for F including terms through orders g 2 , g 3 , g 4 and g 5 , respectively. Fig. 1b shows Padé approximants instead: The g 2 result has been dropped, while the result through g 3 from Fig. 1a has been replaced by F [1/2] , the result through g 4 by F [2/2] and the result through g 5 by F [2/3] (solid line with pole) andF [2/3] (solid line without pole). 
